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Abstract

We present here a formulation for geometrically-exact multilayer shells, where the number of layers is completely
arbitrary and not necessarily restricted to three as in the case of sandwich shells. Based entirely in terms of stress
resultants, the formulation accommodates finite deformation in membrane, bending, and shear deformation. Typical
of geometrically-exact formulation, the kinematics of the shell is referred directly to an inertial frame, and not by
means of a floating frame. The motion of a transverse fiber of an ./ -layer shell is exactly that of a chain of /" rigid
links connected by universal joints, in three-dimensional space. The kinematics of deformation in each layer is
expressed in terms of the deformation of an arbitrary layer chosen as a reference layer. The thickness and side
dimensions of each layer are also arbitrary. These features allow a convenient modeling of multilayer shells with ply
drop-offs. We also show that the present formulation reduces exactly to the case of multilayer beams. © 2000
Elsevier Science Ltd. All rights reserved.

Keywords: Geometrically-exact shell theory; Composite multilayer shells; Layerwise formulation; Dynamics; Equations of motion;
Large deformation; Large overall motion

1. Introduction

Multilayer structures have widespread applications in engineering, and have been a subject of
investigation for several decades. A particular case of multilayer shells is the case of sandwich shells,
which formed the central theme in the basic monograph of Plantema (1966). More recently, there are
some review papers on formulations for multilayer plates (Noor and Burton, 1989) and more
particularly for sandwich plates and shells (Noor et al., 1996). The readers are referred to these review
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Fig. 1. Multilayer shells with patches of constrained viscoelastic materials or of piezoelectric materials.

papers and to those cited in our previous works' for a florilegium of references on these subjects. In Vu-
Quoc et al. (1997b), we present the formulation for geometrically-exact sandwich shells that can undergo
large deformation and large overall motion. In the present paper, we address the general case of
geometrically-exact multilayer shells.

Several authors have considered the formulation of multilayered shells, with different approaches, and
with a general limitation to the static case; the general dynamic case is considered in this paper. Pinsky
and Kim (1986) employed the degenerated-solid approach to develop a multilayered-shell formulation
that can account for small strain, large rotations, and elastic—viscoelastic 3D constitutive laws. Braun et
al. (1994) extended the Reissner—Mindlin formulation from five parameters (no-drill degree of freedom)
to seven parameters by using the Enhanced Assumed Strain approach, in which the transverse normal
strain was allowed to vary linearly across the thickness of each layer. Similar to Pinsky and Kim (1986),
complete 3D constitutive laws are employed in this formulation. Basar et al. (1993) generalized the
formulation propounded by Reddy (1989), in which a cubic displacement field was employed, to the
nonlinear range where finite rotation was allowed. The transverse director was originally normal to the
shell mid-surface, as in Naghdi (1972). This formulation was restricted to the static case; the equations
of equilibrium in terms of stress resultants were not derived, since the emphasis was on a finite element
formulation. In fact, most prior works on nonlinear multilayer shells were primarily preoccupied with
the static case, ignoring the dynamic aspects. Our formulation starts from a different perspective, from
which the complete set of equations of motion for the dynamic case are derived. The computational
aspects of our formulation are discussed elsewhere, in different papers. We refer to Vu-Quoc and Deng
(1995, 1997a) for the static and dynamic computation of sandwich beams, and to Vu-Quoc et al.
(2000b,c¢) for the static and dynamic computation of sandwich shells. We also note that our treatment of
finite rotations is also different from Basar et al. (1993).

The present work parallels that in Vu-Quoc and Ebcioglu (1996) for geometrically-exact multilayer
(planar) beams and 1D plates. In fact, the methodology and crucial results developed in that reference
are employed here for geometrically-exact multilayer shells. Typical for geometrically-exact formulation,
the dynamics of motion of the multilayer shells in the present formulation is referred to a fixed inertial
frame. Large deformation and large overall motion are accommodated for. The transverse fiber in each
layer, inextensible in the present formulation, is not required to remain normal to the centroidal surface
of that layer after deformation, thus allowing for shear deformation in each layer. The transverse fiber
across the whole multilayer shell deforms as a chain of rigid links that are connected to each other by
universal joints. The continuity of the displacement is thus exactly enforced across the layer boundaries.
The number of layers can be even or odd, and is completely unrestricted. The thickness and side
dimensions of each layer are arbitrary. It is, therefore, possible to use the present formulation to model
multilayer shells with ply drop-offs, or with patches of constrained viscoelastic materials or of
piezoelectric materials (see Fig. 1). The deformation of each layer is related to that of a reference layer,

! For example, Vu-Quoc and Ebcioglu (1995, 1996)
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Fig. 2. Multilayer shells with arbitrary reference layer and with ply drop-offs.

chosen arbitrarily. This feature stands in sharp contrast to the formulation for sandwich shells in Vu-
Quoc et al. (1997b), where the core (middle) layer was chosen as the reference layer. For example, in the
present formulation, the top layer or the bottom layer can be chosen as the reference layer (see Fig. 2).

The equations of motion of the multilayer shell are derived based on the principle of virtual power,
and expressed in terms of weighted resultants forces and couples. The principal kinematic quantities to
be solved for are the deformation map of the centroidal surface of the reference layer (0), and the layer
directors. Computationally, we have three translational components of the centroidal surface of the
reference layer (0) and two rotational components for each layer director, since the layer directors are
not rotating about themselves (no drill degree of freedom). We refer the readers to Vu-Quoc et al.
(2000c¢) (statics) and Vu-Quoc et al. (2000b) (dynamics) for the computational formulations.

We show that the equations of motion for geometrically-exact shells developed herein reduce exactly
to those of multilayer beams and 1D plates derived earlier in Vu-Quoc and Ebcioglu (1996). Physical
interpretation of the coupling terms that appear in the equations of motion is given. For truly large
deformation in which the thickness of the shell is deformable, we refer the readers to Vu-Quoc and
Ebcioglu (2000a) for multilayer beams. We will report the result for multilayer shells with deformable
thickness in a future paper.

2. Kinematics of deformation

The basic kinematics for geometrically-exact multilayer shells is presented in this section, together
with some preliminary results that will be used in subsequent sections.

2.1. Basic kinematic assumptions and configurations

We present in Fig. 3, the profile of a multilayer shell in the material configuration #%. Let & € %
designate a material point having the material coordinates {él, & 2, 53 }, and {E;, E,, E3} be the
associated basis vectors, as shown in Fig. 3. We denote the reference layer as layer (0); the kinematics of
deformation of all other layers are referred to layer (0). In the present formulation, the number of layers
in the shell is arbitrary, and so is the layer thickness. Any layer can be chosen as reference layer. Shown
in Fig. 3 is an example of a five-layer shell, with the second layer from bottom chosen as the reference
layer (0). Below, we will describe the notation adopted for various kinematic quantities.

Once the reference layer (0) is chosen, layers above Layer (0) are numbered with positive integers, and
layers below Layer (0) with negative integers. Let £ € Z, designate a layer number.”> When both the

27.={0, 1,2, 3,...} is the set of non-negative integers.



6708 L. Vu-Quoc, 1.K. Ebcioglu | International Journal of Solids and Structures 37 (2000) 6705-6737

53
@h*
@H| )
@h”
v ®Z
(3) VA
E3A (g)y 7 (2
Y (1
M) Layer (0)
- e
E K A=A
2 Y (0) 2

Fig. 3. Multilayer shell: Profile and geometric quantities.

upper layer (+¢£) and the lower layer (—¢) are present, we often refer to both of these layers by (sf),
where s = +1 designates the sign (positive for upper layers, and negative for lower layers). This
compact notation will prove to be convenient for the exposition of the formulation. )

Following Vu-Quoc and Ebcioglu (1996), we let /" be the number of lower layers, /" the number of
upper layers, and

i::{_'4/a-~-9_1a0319-~~3/V}9 (1)

N= N+ 14+ A, )

the set of layer labels and the total number of layers, respectively. Note that, in general, 4/'75./17 , Le., the
number of lower layers need not be the same as the number of upper layers. Our formulation thus
allows for an arbitrary choice of the reference layer (0) to be anywhere from the bottom layer to the top
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layer. Let the origin of the transverse material coordinate & be at the material centroidal surface > of
layer (0), called the material reference centroidal surface )/ = o/, which is coordinatized by Ex= (!,
¢?). The distance from (g« to the material centroidal surface (). of layer (s¢) is denoted by (Z > 0.*
With P, being the mass density in the current configuration %,, the centroidal surface of layer (s¢) is
then defined such that

J /(53 - S(SZ)Z)(Sth(SK)pt d£3 =0, viVste N, 3)
)7

and does not in general coincide with the geometric center of that layer. It should be noted that the
overall neutral surface of the multilayer shell, i.e., the surface on which the membrane stresses are zero,
is not necessarily the centroidal surface of layer (0) (or the reference centroidal surface).

The surface ()7 is at the distance (thr from the top of layer (s¢), and at (s~ from the bottom of
layer (s€). The thickness of layer (s¢) is given by

o ="+ oh™ = @h™ + @h™, “)
with (oh*#h~ in general. In Eq. (4),, note that nh ™ = @h~ for s=+1, and h* = _ph" for
s = —1; a similar interpretation holds for (Sg)h“. Further,

0Z=0, )£ = [(‘M)Y-I— (Xg)h_s], for s¢ € A \{0}, (5)

s(e—1) s(e=1)

(s0) Y= — (O)/’l_‘Y + Z (i)H = (0)h+s + Z (i)H, for s¢ € i\{()}, (6)

=0 i=s

where ()Y designates the distance from the material reference centroidal surface of layer (0) to the
interface between layer (s[¢ — 1]) and layer (s¢€); see Fig. 3.

Remark 2.1. It is clear that when we write £ € N, the index € designates both the upper and the lower
layers; in cases like these when there is no confusion, we thus omit the use of the sign s. Thus, layer (£)
with £ € N can also be designated as layer (sf) with st =sign({) |€| € A", where sign is the signum
function, and |-| the absolute value operator. In other words, in the notation (st), £ always takes on
positive values.

Remark 2.2. In view of Remark 2.1, the summation in Eq. (6), is to be interpreted as follows: In the upper
summation limit s(¢ — 1), we have (¢ — 1)>0, and thus the sum in Eq. (6), is to be carried out only when
£>1. There are two cases for Eq. (6);: (1) If s = +1 (i.e., upper layers), the range of the summation index
iis {0, 1, 2,...,06 = 1)}, (i) If s=—1 (i.e., lower layers), the range of i is {0, —1, =2,..., — (£ — 1)}.
Since for £ =0, there is no sum, it is clear that with this convention, Eq. (5); is a particular case of Eq.
(5),, after substitution of Eq. (6), into Eq. (5),. Similarly, for Eq. (6),, the summation is carried out only
for £>2.

Let (o # > & be the domain in the thickness direction of layer (£), such that

* A precise definition of the centroidal surface will be given later in Eq. (3).
4 Note that 0Z 1s not the ordinate, but the distance, and is thus a positive number.
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- +
(sz)ff:[(S(sz)Z —60h ™) (S0 Z + oh )] CR, (7

and H:= U (@ the domain in the thickness direction of the whole multllayer shell. Since the
prOJectlon Sf all material centroidal surfaces o, Yl e N, onto the plane (¢, €%} is denoted by
o/ C R?, the material domain of layer (¢), denoted by 9%, and the material configuration # can be
expressed by

0B =AxpH, B=dAxH=|]u5 ®)
te N

Further, we define
=0 X ) H ©)

to be the material lateral surface of layer (¢), where 9.« is the boundary of .«/; see Fig. 4. Then

s =Jo (10)
e

is the (material) lateral surface of 4.
It follows from Egs. (8) and (9) that the outward normal (,v=)v,E” to the material lateral boundary
surface (,).%’, which is defined in Eq. (9), is such that

@V = (V> Ve e i\{O} (11)

That is, the outward normals to the material lateral boundary surfaces (% are the same for all layers.
In other words, the surfaces ()% are all parallel to each other, and orthogonal to the material centroidal
surface &7/ = ()7 (see Figs. 3 and 4).

Let the initial configuration of the multilayer shell be denoted by %, C R, and the current (spatial)
configuration denoted by %, C R (see Fig. 5). Let ®): #— %, be the deformation map from material

e A 0A

Es

©S

Fig. 4. Material configuration (% of layer (£): lateral surface (..
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Fig. 5. Multilayer shell: material configuration 4, initial configuration %, and current configuration %,.

configuration 4 to the initial configuration %, such that xo = @((&) € %y, where & € 4. Let &,;: B— A4,
be the deformation map from £ to the current configuration %,, such that x, = @,(&) € 4,, where & €
2. Further, we define the deformation map @: # x R, —R3, such that’

¢0(')E¢(',0), D(H)=D(-,0). (12)

The deformation map for the shell relative to the initial configuration is denoted by yx,: Zo— %, (see
Fig. 5), with

X =D 0d;" (13)
With ®,: 0 %— R? being the deformation map for layer (¢), we have
D,(8) = ?P,(8), V¢e 2, (14)

and also

5 R, is the set of non-negative real numbers.
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0% =P 0 0P - (15)
Now let (pt: o x Ry —S 2 be the director field of layer (£), where S 2 designates the sphere defined as
Sh={t e R*||ie]l = 1}. (16)

With ,¢@: o/ x R,—R* being the deformation map of the centroidal surface of layer (¢£), we can now
define the deformation map ()@, in Eq. (14) as follows

0P (&) = () P&, D)=(p (&%, 1) + (53 - S(se)Z>(se)t(€z, 1), (17)

which basically describes that the deformed transverse fiber remains straight, colinear with the layer
director (4f, and thus not necessarily perpendicular to the deformed centroidal surface
0@ (L) = yo(, 1) of layer (£). Now, we describe the expression for the deformation map ()¢ of the
centroidal surface of layer (£), such that continuity across all layers is strictly enforced:

OP=-1@ " Fsoh " ot, V& € o (18)
where
s(e—1)
We-®@ =@ 5| —oh o + Z oHpt |- (19)
i=0

Remark 2.3. First, assume that s = +1 in Eq. (18), and consider the positive layer (£) (£ > 0) above the
reference layer (0). In this case, the function ([@71])(/)4“ in Eq. (19) represents the deformation map of the top
surface of layer ([€ — 1]) (i.e., the layer just below layer (£)). On the other hand, for the negative layer (—£)
(i.e., for s=—1 and £>0), __1)@~ represents the deformation map of the bottom surface of layer
(—=[¢ = 1)) (i.e., the layer just above layer (—{)). Next, the construction of the expression (19) for (.V[Z—l])(P-H
begins with the deformation map @ of the reference layer (0), and followed by the addition of the
transverse fiber vectors (e.g., i»Hut) of all layers between layer (0) and layer (st). For example, from Egs.
(18) and (19), the deformation map for layer (s) (i.e., layer (+ 1) or layer (—1) (see Fig. 3) is described by

P = (o)‘P+S + 55)h o, (20)

0®" = 0o +soh ot 1)
Take another example; consider layer (+3). Combining the expressions Eqs. (18) and (19), we obtain
2
®® =@+ ol ot+ > _oHot | +oh o (22)
i=1

where we had used relation (4).

Next, we describe the director rotation map (,A: S2—S?2 that maps the material basis vector E; to
the director (¢ of layer (£). To describe where (A belongs to, we define

S2={A € SOB)|A¥Y = ¥, V¥ € R’ and ¥-E; = 0}, (23)
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where SO(3) is the special group of proper orthogonal transformations in R®. Thus, 4 € S2 rotates E;
about axes of rotation perpendicular to Ez, and thus induces no rotations about the E; vector itself. We,
therefore, eliminate the drilling degrees-of-freedom about the directors in this formulation. To each
director field (¢ associated with layer (¢), there exists a unique operator (4 € S7 that maps E; into (»f,
ie.,

ot = wAE; (24)

2.2. Principal unknown kinematic fields

Basically, the deformation of the multilayer shell can be described by the deformation map (¢ of the
reference layer (0) and by the 4" director rotation maps A, for £ € 4. We thus have (14 .1
unknown functions. From the computational viewpoint, we need to introduce the displacement field
u: % xR —%,

4%, 0=)@(&% 1) — FEy = (9)@(&%, 1) = "By + (8%, 0). (25)

First, define the initial deformation map 0Py L —RBo for the reference layer (0)

(0)(P0(6g):(0)¢(6g7 0) (26)
Similar to Eq. (25), the initial displacement field &#y: Z— %
40(8%):=(0)9( (&%) — "By = ()9, (&%) = E, +00(E7). 27)

Finally, the displacement field u: %y x Ry — %t that maps the reference layer (0) from the initial
configuration %, to the current configuration %, is defined as

w=ii — iig. (28)

So, the principal unknown kinematic fields are the displacement field u, and .4 director fields (t, with
¢ e /. In terms of components, we therefore have 3(1 + .4") unknown functions, with independent
variables & € o/ and ¢ € R,..

Remark 2.4. It should be noted that even though the principal kinematic unknowns are u and t, with
L e N, the computational kinematic unknowns are not the same. In the computation, we do not compute
wt directly, but rather the rotation vector 0, which then allows the evaluation of the rotation tensor A
and then the computation of ot following Eq. (24); we refer the reader to Simo and Fox (1989) for the
single-layer case, and to Vu-Quoc et al. (2000c) for the multilayer case. Thus, the computational
kinematic unknowns are u and )0, with £ € .

2.3. Space and time derivatives of kinematic fields

In this section, we gather the derivatives of the principal kinematic fields, which will be used in
subsequent sections. We begin first with the space derivatives, followed by the time derivatives, and then
the mixed space—time derivatives.

_Let (»g, be the convected basis vector, in the current configuration #,, along the convected coordinate
&', and defined as
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o0&

Next, we distinguish the case where i = 1,2 and i =3 in Eq. (29) to relate the convected basis vectors
©8, to the principal kinematic fields defined earlier. Using Egs. (17) and (29), we obtain

©08(&, )= =P (& 1), Vie{l,2,3},Vle L. (29)

w08, = 0@, + (& = 5007) o Ve (1,20, Vst € 1, (30)

08 = @t YteN. (31)

The space derivative of ()¢ in Eq. (30) is then related to the principal kinematic fields by using Egs.
(18), (19) and (25) to obtain

0P, = E,+d,, (32)
0P, = Gl Py TSl ot VE € o, (33)
where
s(e—1)
We-1®L = 0P, +5| —oh ot , + > wHat, |- (34)
i=0

The convected basis vectors for layer (£) in the initial configuration %, are denoted by (,G,, and are the
basis vectors (g, in Eq. (29) at 1 =0

(Z)G](é)::(l)g](éa 0) = (()¢ﬂ[(6v 0) = (l)¢0ﬁ ](é)a ViIe {la 29 3}9 Ve € &9 (35)

where (@, was defined in Eq. (12). The basis vectors dual to {08} and to {(G,} are defined by the
orthogonality conditions

(08 w8 = 5. (G G, =0, (36)
where (-, -) is the inner (dot) product in R* and 5; the Kronecker delta.

Remark 2.5. It is noted that (Z)g3¢(@)g3 = t, in general, such that we always have (@)g3-(g)g3 =1, and
||(z)g3||7é||(z)g3 =l =1

The gradient of the deformation map (,x, in Eq. (15), with respect to the convected coordinates ¢,
denoted by (yF, is obtained as follows

(©F = GRAD )z, = GRAD,)®, o [GRAD,,®,] . (37)
In component form, we have
GRAD(®, = &) ()¢, ® B/,  [GRAD(,®,] '= 6/E; ® ()G’ (38)

It follows that with respect to the convected basis vectors, the deformation gradients (,F and (F '
have the following component form
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[ J —1 1 j
oF =0;08,®0G",  ©F  =0,006,9 g’ (39)

The Jacobian determinants related to the deformation maps ()@, (®,, and (,x, are given below

0y =det[GRAD() B ] = ()G, X )G, )-)G;. (40)

@/ =det[GRAD() P, | = ()8 X (1)8,) (083> (41)
. . (sz

(0/,;=det[GRAD(x,] = —*, (42)
(Vo

where Eq. (42) is obtained from Egs. (40) and (41) and from Eq. (37).
Now, we record the results related to the time derivative. From Egs. (28), (25) and (27), we have

U=i =.p, ii=u=gq. (43)
Let us write the combined space and kth time derivative of, say, ¢ ¢ as

{k} 3 ok
(0)‘/’,“‘:875“@(0)(/” (44)

for « =0,1,2 and k=0, 1, 2, where the case with « =0 or k =0 means taking no derivative. Then,
using Eqgs. (44) and (43) in Egs. (18) and (19), we obtain

{k} (k)
{k} +s —s Z0
60 P =ule-1 P at+ Seoh o) ta VR E A (45)
——— —
0 2l

where
(i} 3 (s=0) ’
{k} ok {k}
G- @ = U 4+ 5| —0h o) t o+ Z(i)HA t, |, (46)
—— —_—— i=0 U

1 2
(1] [2] 0]

fork=0,1,2and a =0, 1, 2.

Remark 2.6. To make it easy to understand relations (45) and (46), we give below some particular
examples. First, for (£) = 0 (reference layer), k = 1, and o = 0, we obtain from Eqs. (45) and (46) using
Remark 2.2 (the summation term does not exist for £ = 0)

P =1u. (47)
Next, for £=1, k=1, and «=0, we obtain from Eqs. (45) and (46) using Eq. (4)
W@ =1+ k" of +nh . (48)

The time rate of the director (yf is related to the angular velocity vector (,w, which is perpendicular to
wt, as follows
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Of = 0 X @t ©f = ©® X Ot + OO X (0@ X o). @@t =0. (49)
Based on Eq. (39),, the time derivative of the layer deformation gradient () F takes the form

oF =8 g, ® G’ (50)

where the computation of (,\g; is based on Egs. (30), (31), (45) and (46).

3. Equations of motion

We derive the equations of motion for multilayer geometrically-exact structures based on the principle
of virtual power, as pioneered for sandwich beams in Vu-Quoc and Ebcioglu (1995). Here, we generalize
the equations for geometrically-exact sandwich shells derived in Vu-Quoc et al. (1997b) to the case of
multilayer shells with unlimited number of layers and with arbitrary reference layer (0). For
computational formulation, the weak form is readily obtained from the balance of power.

3.1. Power of contact forces/couples

The shell resultant stresses and resultant couples, and their respective conjugate strain measures can
be obtained by reducing the expression of the stress power from an integration over a 3D domain of the
shell to an integration over the 2D domain of its material surface. Let P be the first Piola—Kirchhoff
stress tensor, then the power of contact forces (or stress power) in the shell expressed in the initial
configuration %, is

P = J P .Fd%,, (51)
Bo

where d%, is the infinitesimal volume in the initial configuration B,.
The first Piola—Kirchhoff stress tensor (P in layer (£) can be written as (see, e.g., Malvern, 1969, p.
222)

0P =0/ oF e, (52)

where (¢)J, is defined in Eq. (42), (E)F_l in Eq. (39), and (4o is the Cauchy stress tensor in layer (¢).
Using expression (39) for (F ', the first Piola-Kirchhoff stress tensor ()P = (4)P1-f(g)G[®(,g)gj can be
expressed as

oP =/, [5f<e>G1 ® <z>gi]'[<z>0 * 08 ® <z>gk] = 0/909" 6, ® 18, (53)
With (@)F given in Eq. (50), we obtain the following stress power per unit reference volume for layer (¢)

P '(Z)F::(@)JZI:<5[[(Z)GI ® (z)gi)'<z)0]"[5§<e)gk ® (z)GJ]

® The horizontal double contraction - in Eq. (51) is defined as follows. Let {e,} be a set of fixed cartesian spatial basis vectors.
With P and F expressed in the bases {e,} and {E,} as P= PY“E, Qe, and F = I;J/Ile,, ®E*, we have P -F = P”“’I;t’1 (see Malvern,
1969, p. 35). Note that the convention for the matrix representation of these tensors are as follows: In P4¢, 4 is the row index,
and a the column index, whereas in Fi;, a is the row index, and A4 the column index.



L. Vu-Quoc, 1.K. Ebcioglu | International Journal of Solids and Structures 37 (2000) 6705-6737 6717

I sk J i .
= (Z)JtéiéJ((Z)Gl'(Z)G )(z)g"uz)" 8k

= 008 0o 0 (54)

in which we had used (g)GlmGJ:é{, according to Eq. (36),. The stress power for the multilayer shell
can now be obtained as

,0](,==J P.-Fd%, = ZJ P o F do 2,
By (0%

teN 0

= ZJ 008" 00 08; do By (55)
(K)!Z()

e

where (%, designates the initial configuration for layer (¢), and d()%,, the infinitesimal initial volume in
layer (¢).” Using the definition of @, in Eq. (42) and of (,j in Eq. (41), and by the conservation of
mass, we have

o, do%By = d2, = @, dov%. (56)

where d(4, and d#:=d.«/ A& (with d.o/ = d¢' d&?) are the infinitesimal volumes of layer (¢) in 4, and
in 4, respectively. Using the definition (8); of the material domain ()%, the definitions (30) and (31) of
the basis vector (Z%gl., and expression (56) above, the stress power (55) is now expressed in the material
domain as follows

Pe=) L/J /f(A'Z)j;{((sf)ga'(sﬁ)o-)'l:(sz)(bﬂ + (53 - S(SZ)Z)(SZ)i,a] + <se>g3'<,ye>0'(sz)f] do/ d&. (57
ste VA oA

Using the following definition of the weighted resultant force )n*, the weighted resultant couple (¢m”,
and the weighted resultant director couple ()¢,

(z)"“’ZJ &8 o dE, Yle A, (58)
Ox
(se)'ﬁa‘ZJ /(sz)i,<§3 - S(se)Z>(sz)g“'(sz)6 A&, Vst e A, (59)
(OF4
(e)zzj #(e)j,(e)g3'(z)0 &, vee s, (60)
()

the stress power (57) can be simplified as

7 See Eq. (8), for the definition of the material configuration ©% of layer (£).
8 There are some misprints in Eq. (38), p. 2525, in Vu-Quoc et al. (1997b), which is the restriction of Eq. (57) to the case of sand-
wich shells: ()¢ should be (,g°.
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Pe= ZJ O 0@, + " o, + @l of | 4. (61)
k4 —

Le N

(1 2] 3]

Remark 3.1. The integration in Eq. (61) is carried out on the material configuration %, and not on the
current configuration %;.

Remark 3.2. Note that our definition of the resultant tensors @yn*, om*, o€ shown above corresponds to
the weighted resultant tensors’ known as the “weighted surface tensors” in Green and Zerna (1968, p.
375), and differ from the resultant tensors n*, m*, £ defined in Simo and Fox (1989, p. 282) by a factor
1/j, where

R 2
W= Wh|a_, (62)
i.e., the value of the Jacobian ), (defined in Eq. (41)) at the neutral surface of layer () (defined in Eq.
(3)). In fact, among the above three weighted resultant tensors, only our resultant @n* has the following
equivalent in Green and Zerna (1968, p. 375, Eq. (10.2.8))

(1/2)t
N, = J T, d6°,
—(1/2)t

where T, is exactly the same as (] 8" 6] in our notation. On the other hand, Green and Zerna (1968)
did not have the equivalent of the other two weighted resultant tensors, i.e., @m* and €. The definition of
n* in Simo and Fox (1989) corresponds to the quantity N,//a used in the definition of the “stress
resultant” n in Green and Zerna (1968, p. 377, Eq. (10.2.18),), as reproduced below

VaN;,

=7
where \/a is the same as j. See also Remark 4.1 on the definitions of the resultant moments. An advantage
of our definition is that it simplifies significantly the equations of motion for multilayer shells to be
presented in Section 3.4. In particular, @m” is the weighted resultant couple, and not the true resultant
couple (ym* to be introduced later in Eq. (133),. For more details on the dimensions of these tensors, we

refer the readers to Vu-Quoc et al. (1997b). Note that even though integrated in the material configuration
B, the weighted resultant tensors are actually spatial tensors defined on the current configuration %,.

Remark 3.3. It should be noted that for i€ {l,2,3} fixed, the normal (K)gi is in general different for
different layer (£), i.e., (p)gf ;é(q)gi, for p#£q. It follows that the same remark applies to all weighted resultant
tensors (g)n‘“, (g)lfla, (g)e.

Remark 3.4. The power 2. in Eq. (61) of contact forces/couples is expressed with respect to the weighted
resultant tensors explained in Remark 3.2. For computation, we need to account for the constitutive
restriction in P., which can then be expressed in terms of physical quantities such as the membrane forces,
moments, and shear forces, which are conjugate to the rate of membrane strains, curvatures, and shear

 Weighted tensors are also called relative tensors; see, e.g., McConnell (1957).
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strain, as will be shown later in Section 4.3.

Next, to derive the equations of motion in terms of the weighted resultant tensors, called the weighted
resultant equations of motion, we express the power Z. in terms of the time rate of the principal
unknown kinematic quantities u and (yf, for ¢ e 4", which are discussed in Section 2.2. The
methodology employed here follows closely that are presented in Vu-Quoc and Ebcioglu (1996) for
multilayer beams.

First, we consider the terms in Eq. (61) with factors @ ,; these terms come from Part [1] of Eq. (61),
due to the expression of (se)‘l"ﬂ as given in Part [1] of Egs. (45) and (46). These terms constitute the
linear momentum part of the stress power £, and is defined as follows

:f::J A, ded, #5=Y on’, (63)
» Z(i)

teN

where i* represents the fotal resultant contact force. So now, to have the above expression for % in
terms of the time rate #, we integrate by parts to obtain

¥ = % W1y, dd.o) — J i’ dod (64)
a/ o
where we have made use of Eq. (11).
Next, we consider the weighted angular momentum terms for £, for the reference layer (0) in
expression (61). To this end, we consider the terms with factors (g and (f , in Eq. (61):'

(O)R:L/ [(iﬁi + (o)'ha> o, T ol (o)i] do. (65)
" (] 2] (3]
where
A -
M=) Y pn* —h™ Y o' = D sghwon® (66)
=1 j=—1 ste {0}

is the total moment of the resultant forces n* of all top layers with respect to the top surface of the
reference layer (0), and of all bottom layers with respect to the bottom surface of the reference layer (0).
In Eq. (65), Parts [1], [2], [3] come from Parts [1], [2], [3] of Eq. (61), respectively. To be more specific,
Part [1] of Eq. (65) comes from Part [1] of Eqgs. (61) and (45) with k£ = 1, and Parts [2] and [3] of Eq.
(46), and the definition of ;)H in Eq. (4). Note that in the definition of M” in Eq. (66), the resultant
on* of layer (0) is absent in the summation since when £ = 0 there is a cancellation of Part [2] in Eq.
(45) (¢ =0) and Part [2] in Eq. (46), keeping in mind that Part [3] is nonexistent for £ =0 due to
Remark 2.2.

To have (gf as the common factor in the expression for ()R, we integrate by parts the first term of
Eq. (65), i.e., Parts [1] and [2], to obtain

N = i} C{(gﬁa + (O)Iﬁ“)'(o)i(o)va d(0.e7) — J ;I:(gﬁi + (o)lﬁ“)’a—(o)ﬁ]'(o)t‘ def. (67)

10 The Hebrew character ‘aleph R is the equivalent form of the Latin character A, which is mnemonic for “angular™.
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Layer (1) Layer (£+ 1)
A
N ° .
D G \ CR
= 0H @t \

0h™ ot
N Laer 0 \q o
N ‘/\y \\\\‘(0?(5% t)
N > on° N

~
~ ~

.. =1 o sl oF
- _q
Layer (1) L J Layer (£ — 1) L J

Fig. 6. Meaning of coupling terms: For layer (0) (left figure), take moment about layer center. For upper layer (£) (right figure),
take moment about bottom hinge.

We introduce the following functions ().#": 8./ —R and ().#:.«/—R to write Eq. (67) in a more
compact form as follows

(O)N = fk , (0)%a~(0)i(o)va d(aﬂ) — 4[% (O)ﬂ~(0)t. dos. (68)

Now we consider the terms in the mechanical power (61) that have (Se)t' and (s()i“, Vst € A/\{0}, as
factors. For convenience in presenting the equations, we introduce the following definitions. Let us
combine the top-layer number and the bottom-layer number into the compact expression sN defined as

N for s = +1
N:= > > 69
s {—4/, fors = —1. ©9)

Consider layer (s); let (9" be the resultant force, acting on the facet with normal (,,g* of layer (s¢),
due to the contribution from layer (s(¢ + 1)) to layer (sN) (see also Fig. 6 for a geometric representation
of (SZ)YR“):”

sN
() M= Z on”, Vst e A/\{0}. (70)
i=s(€+1)

From Eq. (61), we obtain the following weighted angular momentum for layer (s¢), with s¢ € A"\{0},
having terms with factors (yf and (o ,

""That is, in Eq. (70), if s=+1 (ie, upper layer), then i:(Z—s—l),...,./f”; if s=—1 (e, lower layer), then
i=—C+1),....,— 4.
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(xz)&:J s| soh ™ con” + coH N | - ot , + com” - ot , + ol - cof | 4, (71)
7 [ 2 B3] [

where Part [1] of Eq. (71) comes from Part [1] of Eq. (61) and Part [2] of Eq. (45) with k = 1; Part [2] of
Eq. (71) comes from Part [1] of Eq. (61) and Part [3] of Eq. (46) (see Remark 3.5); Parts [3] and [4] of
Eq. (71) come from Parts [2] and [3] of Eq. (61), respectively.

Remark 3.5. Note that Part [2] in Eq. (71) is made up of the contributions of layers {(s[(€) + 1]),...,sN} to
layer (st) as shown in the definition of s N” in Eq. (70). To understand Eq. (70), consider the special case
where s¢ =€ > 0 in both Eqgs. (71) and (70). Recall that to obtain Part [2] in Eq. (71), we need to gather
all terms in Eq. (61) having (é)ic, as a factor. To this end, conside]’ the summation with index € in Eq. (61).
When € <{, there is no term in;'Part [3] of (46) (k = 1) having @, as a factor, since the upper limit of the
summation is strictly less than £. For £ > £, ie., L =+ 1),... ,JVZ, there is the term (Z)H@)t‘ in Part [3] of
Eq. (46) (k=1). Thus picking out all terms having (Z)i,% as a factor in Part [1] of ﬂ%q. (61), ie.,

2 (e O @)@ . we have

Z (@)n“ (f)ta = (Dgia(z)ta (72)

=041

Generalizing the above result to both top and bottom layers, we obtain Eq. (70) and Part [2] of Eq. (71).

To have (y)f as the common factor, we integrate by parts the first three terms in the integrand of Eq.
(71) to obtain

(‘Y()N = } [S((M)h _‘Y(M)n“ + (M)H(m‘ﬁ“) + (Sg)n?“].(mi(o)v“ d(d.«7) — J {[S((Sl)h_s(se)na
0.9/ of

+ 6o Ho M) + o™ ] ool — ol - ol } d.o/, (73)

where we have made use of Eq. (11). Similarly to Eq. (68), we introduce for layer (s€) the following
functions (M)f/%“: 0o/ —R and (y).#: o/ — R to write Eq. (73) in a more compact form as follows

The power of the resultant contact forces/couples (or stress power) in Eq. (61) can now be expressed in
terms of the newly defined quantities as follows

Pe=L+ Y o (75)

(et

where .Z is the linear momentum part in 2, defined in Eq. (64), and ()8 the angular momentum part
for layer (£) in £, defined in Eqs. (68) and (74).

3.2. Rate of kinetic energy

For each layer (€), let v: %, x Ry—T¢)#, be the spatial velocity field on the spatial tangent
bundle 7%, and p: %, x Ry—R the mass density defined on ()%, The kinetic energy of the
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multilayer shell can be written as

1 -
=3 2 J Py v d(0,)- (76)
0%,

leN

By the Reynolds transport theorem and the conservation of mass (e.g., Malvern, 1969, p. 210) we obtain
the material derivative of the kinetic energy in Eq. (76) as

dr
ar > JW 0P @@V d(0%,): (a7

e

which when expressed in the material configuration % yields

dA ‘
dr > J J OP A0V @i, 4 dE, (78)
Oex < T

where )/, is the Jacobian determinant — defined in Eq. (41) — of the deformation map (@ for layer
(¢) given in Eq. (17), whereas (nA: # x Ry —=T%, and ,)V: # x Ry — T2, are the material acceleration
and material velocity expressed in terms of the material configuration %, and is related to (@ by (see,
e.g., Marsden and Hughes, 1983)

AP, 1) . 32D, 1) .
OVE N="0"22 = BE D). A D=0 = (B 1), (79)
Since we want to integrate Eq. (78) in the thickness coordinate & to obtain an expression for the rate of
kinetic energy in terms of an integral over the material area .«/. To this end, we introduce the

deformation map ,¥: %4 x Ry — R?, and rewrite Eq. (17) as follows

0P8 =¥, (&) + EHEY), e N, (80)
where from Egs. (80) and (17), we have'?
OV =0 ® — ScoZiot- (81)

Next, to have an expression for ¢ in terms of the surface material coordinates £*, the displacement
field & defined in Eq. (25), and the layer directors (;f, we make use of the definition of () Z in Egs. (5)
and (6), and the expression for (@ in Egs. (18) and (19) to obtain

0¥ = e = CEy +a(&, 1), (82)
and

s(t—1)
¥ = 0@+ 510 lof — cot] + Z oHlot — sot] {» Vst € A\{0}. (83)

2 Recall that @ (&%) = (W (&% 0.
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Remark 3.6. Note that Eq. (82) is actually a particular case of Eq. (83) by Remark 2.2, since for £ =0,

the term with the summation sign in Eq. (83) does not exist, thus making the whole expression in curly
brackets in Eq. (83) vanishes. For s¢ = +1, we obtain from Eq. (83) the following expression

¥ = 0@+ 0" ot — vt (84)
which is the same as in Vu-Quoc et al. (1997, p. 2528, Eq. (61)).

Next, using Egs. (79) and (80) in Eq. (78), we obtain the following expression of rate of kinetic energy

dx” ; ,
- ZJ [(z)f'(z)'/’+(e)9‘(z)t] do, (85)
ten S

where ()T and (g are the inertia force and inertia couple for layer (£), respectively, and are given by

o= L0l + Aol ©F=0do¥ + o4 ol V) €L, (86)
with (Z)Alf‘;, for k =0, 1, 2, being the kth mass moments defined as follows

k.
(z)AIZ‘:J /(z)Pl(@) o, d&*. (87)
0

Note that, for layer (¢), the quantity (Z)Ag is the mass per unit undeformed area, (Z)A; the mass moment
per unit undeformed area, and (@)Az the mass moment of inertia per unit undeformed area.

Next, we want to express Eq. (85) in terms of the time rate of the principal kinematic quantities, i.e.,
{u, (of, V€ € A}. To this end, we need to express (01/'/ in the first term of Eq. (85) in terms of {u, (f}.
Such expression is readily obtained from Egs. (82) and (83), bearing in mind Eq. (43);. Note that Eq.
(83) can be rewritten using the definition of ()Y in Eq. (6), as follows

s(e—1)
0¥ =@ + 510" ot — w0 Yot + Z oHut [ (88)

i=s

With the following definition of the total resultant inertia force f

=Y (89)

teN

together with Egs. (82), (88) and (47), we can rewrite Eq. (85) as follows

dx” A . .
O J Tut|o@s+ Z soh o |- of + Z [608 = Sso) Yo ] - sort
o steA\{0} see A/ \(0}

(1]

s(e—1)

+ ) Y soHui-of | dot (90)

see A0} i=s

2l
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Remark 3.7. In Part [2] of Eq. (90), due to the upper limit of index i in the second summation, i.e.,
s(¢ — 1), by Remark 2.2, the index st in the first summation effectively starts with +2, and not with +1.

We need to rewrite Part [2] of Eq. (90) so to combine with Part [1]. The layer index in (¢ in Part [2]
of Eq. (90) is 7, instead of s¢ as in Part [1]. Thus, we want to express Part [2] of Eq. (90) in terms of (),
as in Part [1]. To this end, define

S =30 Hiof - (i (91)

Lemma 3.1. The following interchanging of summation indices holds
s(e—1)

sN
Z ZSU)(sz): Z Z Stso)i)- (92)

ste/\{0} i=s sLe A \{0, sN} j=s(¢+1)

Proof. See Vu-Quoc and Ebcioglu (1996, Remarks 3.6 and 3.7, p. 400).
With

Seom = ssoHpf - ol (93)
we can rewrite Eq. (90) with the aid of Lemma 3.1 as follows

dx s .
= ils S vids, 04)

teN

where the total resultant inertia forcef had been defined in Eq. (89), and the inertia couples (,C for
layer (£) are given below. For the reference layer (0),

0C=8+ > soh"wi (95)
ste A/ \{0}

For any other layers, excluding layer (0) and the top and bottom layers (sN), i.e., Vs€ € A7\{0, sN},
sN
60C = 08 — S0 Yoo i +ssoH Y - (96)
i=s(£+1)
For the top and bottom layers (sN),

N)C = ()8 — Ssn) Y T 97

Remark 3.8. Note that actually Eq. (97) is a particular case of Eq. (96), since when st = sN in Eq. (96),
the third summation term does not exist, since the lower bound of the summation index i is s(N + 1), which
is clearly out of bound.
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Remark 3.9. From Eqs. (95)—(97), we recover the expressions for the inertia couples derived for sandwich
shells in Vu-Quoc et al. (1997b, p. 2530, Eq. (75)).

3.3. Power of assigned forces/couples

Parallel to the power of £, contact forces in Eq. (51) for the 3D shell body, expressed in the initial
configuration %,, is the power 2, of the assigned forces given in the current configuration 4, as follows

P, = J (n-6%)-vdd4,) + J pb,v A4, (98)
9B, B,
where n designates the normal to the boundary 04,, ¢* the assigned traction on the boundary 9%,, v
the velocity field on the current configuration %,, p, the mass density in %,, and b, is the body force
assigned on %4,, with d%4, = j,d%. The expression for £, can be recast in the material configuration as
follows

P, = J (N-P*)-V d(0) +J pB,V dz="T2,+ Blp (99)

where 9t is the normal on the material boundary 0%, P* the first Piola—Kirchhoff stress tensor
corresponding to ¢*, V the material velocity field as defined in Eq. (79),, p = p,j, the mass density in the
material configuration %4, and B, = b, o @, the body force expressed in 4%, i.e., B,(¢) = b, (®,(&)). In Eq.
(99), M2, denotes the power of the assigned Traction forces, and 12, the power of the assigned Body
forces. Note that we have the following decomposition of the material configuration

B=od xH, 3B=SUA U, (100)

as already mentioned in Eq. (8),, with the lateral surface % defined in Eq. (10), and where the top facet
2/t and the bottom facet o7 ~ of # are defined in a succinct manner as

S ={e= (&) e B € o, =sH'}, (101)
with H* being the distance from the reference surface to the top or bottom facet, i.e.,
HS:Z(SN)Z-F (SN)/’IS > O, (102)

where sN was defined in Eq. (69).
The integral in the power (M2, due to assigned traction force on the boundary 9% can be
decomposed into three integrals, according to Eq. (100),, as follows

[T]gu — [Tl]ga + [an}a + [72—]9)[” (103)
where "2, is the contribution from the lateral surface boundary &, (72t%  from the top facet /™,
and (712, from the bottom facet .o/ ~. Using Eqgs. (9) and (10), we can write [7'12, as follows

My, = J ZJ (©I0P*)-©V & d@.). (104)
oA

3 pen

It can be seen from the definition of the material velocity )V in Eqs. (79); and (80) that (,V depends
on the transverse material coordinate &°. Let us introduce the following definition of resultant force and
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resultant couple
'n ‘=J NP &, [Tm ‘=J (0 P*)E A&’ (105)
Ora oA
Next, using Eqgs. (79)1, (80), (82) and (83), and Lemma 3.1, we can write 712, in Eq. (104) as follows

ml%:J (ZEZ”"*)” d(E)sz/)-|—J [ng]m* f Y S(O)hﬂ&l)]n*}.(o)i d(3./)
3./ 9.9/

teN ste N/ \{0}

s(e—1) sN
* * * .
+J (i — s<(0)h+s + > ([)H> "+ sqpH Y Tn | d(@.)
3. see /\{0, sN} i=s i=s(t+1)
—_— s(N—1) —_— )
+J Z (sTN)m —s| @™+ Z oH (_YTN)” st d(3.7). (106)
3 se{—1, +1} i=s
Now, the contribution to the power 712, by the assigned traction on the top facet (¢* = +H*) and on
the bottom facet (¢ = —H ~) can be written in concise form as follows
™92, = | [P VoV, 4. (107)
o F=sH*
Introducing the following definition
[T2s]* * [T2s].,* 3 %
1= (M P : m'=(E R P )‘ : 108
(A‘N) ((f) (E) ) 53:51{,\- (sN) é (f) (Z) ¢3=3Hx ( )

we can then rewrite Eq. (107) in the following form

51 ] * ; * .
2y, = L{Z@ln ol + | 4o, (109)
where (SN)ll} can be expressed in terms of # and ()f using Eq. (83). Next, the contribution to the power
2, by the assigned body force, i.c., 212, in Eq. (99), has exactly the same expression as that for [I o,
in Eq. (106), except that the left superscript [71] should be replaced with [B], and Ef)]n and Ef)]m are
defined as follows

* *
n = J pB,dZ,  flm’= J pB,E dE. (110)
0 0

Finally, we collect the terms with the factor #, and the terms with the factor (i)i in the combined
expression for the power Z2,. The result is presented below.

On the boundary 9.7 of the shell, we introduce the assigned force n**: 3./ x R, —R?, such that n* =
n**qyv,, and the assigned couple m**: 9./ x R, — R® for layer (¢). In the interior .7 of the shell, let
n*: o/ x R,—R> be the distributed assigned force on the centroidal surface of the reference layer (0),
and (m*: o/ x R, —R? the distributed assigned couple on the centroidal surface of layer (¢). The power
of the assigned forces and couples is then written as
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P, = + |:n -+ Z(@)m (@)t:|(0)v d(0.7) —‘,—J |:n*.u + Z(Z)’ﬁ*'(l)i:| dof, (111)
0.9/ A

teN teN”
where we have made use of Eq. (11).

Remark 3.10. Note that the assigned forces and couples n**, o™, n*, om* are spatial tensors similar to
the definition of the spatial tensors yn*, om”* in Eqs. (58) and (59). The integration in Eq. (111) is
carried out, however, in the material configuration 4.

In terms of the assigned traction and assigned body force, we have the following expression for n*

n=ngv, =Y (n" ond., (112)
teN

_ [72s] :
w= «NE” + Z(z)” (113)
se{—1, +1} leN

We will give below the expressions for (" on 9./ first and then in .«/. By noting that (ym* = m** oV,
on the boundary 3.2/, we obtain from the expression (106), for 7112, the following

— [r1] +s [T1]
o = ©) m + Z S(O)h (Se)n (114)
ste A \{0

for layer (0),

s(e—1)

1

o™ = {[}lm’ ”(“”h+ + Z@H)(vm]” +suoH Z o' (115)
i=s i=s(¢+1)

for s¢ € 4°\{0, N}, and

s(N=1)
=~ T, * ; Z 1] *
(SN)m* = E.YN])m ) (O)th + oH EXN])H (116)
i=s

for the top or bottom layer. Next, inside ./, the expressions for (m* come from (2, 112719 and
Blgp,. From the expression for ">!24 in Eq. (107) (after full expansion in terms of # and of as
indicated above) and from the expression for 812, (which is similar to that of 72,), we obtain the
following

~ +s[725] % | [B] +
oM = Z Soyh 3(SNS)I’I +(O)m + Z Soyh s(xé)n (117)
sel=T, +1) ste {0}
for layer (0),
s(e—1)
(M)ﬁ’l* :S(SZ)HEAN)’! —l—(sz)m — S (0)/’1+ + Z (I)H (mn =+ Y(AZ)H Z (l)n (118)
i=s i=s(t+1)

for s¢ € A/ \{0, sN}, and
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s(N=1) s(N=1)
~x _ [T2s] % +: (T2s)* | [B] * +: (Bl *
ot = (Hlm —s{ o™+ Y0 oH | +gum = sl oh™+ Y oH |@n (119)

i=s i=s
for the top or bottom layer.
3.4. Equations of motion in weighted resultants

We are now ready to present the equations of motion in terms of the weighted resultants based on the
balance of power

d

— AN +P. =P, (120)
dr

where the time rate of the kinetic energy d.#"/dr is given in Eq. (94), the power 2, of contact forces/

couples given in Eq. (75), and the power 2, of assigned forces/couples given in Eq. (111).

Remark 3.11. The balance of power (120) corresponds to the Theorem of Power Expended in Gurtin (1981,
p. 180), which states that the power 2, expended on the body %, by the assigned forces/couples is equal to
the stress power P, plus the rate of change of the kinetic energy d ¢ /dt.

We now transform Eq. (120) into an expression of balance of virtual power, as enunciated in the
principle of virtual power below

P+ P =2, (121)

where 27 designates the virtual power of inertia forces/couples, 2 the virtual power of contact forces/
couples, and #; the virtual power of assigned forces/couples (see, e.g., Germain, 1972; Lemaitre and
Chaboche, 1990)."* Let the symbol <> designate the virtual velocity. Thus, #° is the virtual velocity of
the centroidal surface of the reference layer (0), and (;;)t'<> is the virtual director rate of layer (¢). From
Eq. (94), the virtual power &7 of the inertia forces/couples can be written as

P° =J T+ ) ()Coo i | det, (122)
4 teN
Based on Eq. (75), the virtual power #¢ of internal forces/couples can be written as
D=L+ ) o (123)
e

from Eq. (64), we have linear momentum part written as

70 = % A gy, d(0.o/) — J A Aot (124)
.o/ o

and from Eq. (74), we have the angular momentum part written as

3 In the French literature, the principle of virtual power is usually presented in the form of (=) + 2, =27, but with different
notations.
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— % > O
(@NO = f}; , (()ﬂ ‘ot 0V, d(aszf) — Jd (Z)ﬂ-([)t dos. (125)
0.9/ of

Based on Eq. (111), the virtual power &; of assigned forces/couples can be written as

Py = f{) ["M'do + Z(z)’ﬁ*“'u)fo}o% d(@.«/) +J ["*'uo + Z(z)""’*'(mtw} d.et. (126)
d.o/ o

te N te N

Since Eq. (121) holds for all admissible virtual velocity #° and director rates (g)t.o, the following
equations of motion are obtained

e a
i, +n" =T in<,

oM+ pm* = pC inA Ve N, (127)
with the following boundary conditions on 9.o/

Either u=u* or A*=n",

Either (ot = (g)t* or (5)%% = (@)rh*, Vie N (128)

Remark 3.12. Comparing Eq. (127) to Simo and Fox (1989, Eq. (4.19), p. 284), we see that Eq. (127) is
much simpler due to the use of the definition of the weighted resultant forces/couples (58)—(60), which do
not have the factors 1/j and j. See Remark 3.2.

Remark 3.13. The equations of motion (127) and the boundary conditions (128) for multilayer shells reduce
exactly to those for sandwich shells presented in Vu-Quoc et al. (1997b, Eqgs. (84) and (85), p. 2531),
which in turn are shown to reduce exactly to those in Simo and Fox (1989, Eq. (4.19), p. 284). (See
Remark 3.6 in Vu-Quoc et al. (1997b, p. 2533).

4. Strain measures, stress power, and constitutive laws

To have the elastic constitutive relations for multilayer shells, we first introduce the layer effective
stress resultants (membrane force (g)ﬁﬁ“, shear force (Z)cf", couple (@)ﬁqﬂ“), then derive the strain measures
conjugate to these resultants. We then postulate the elastic constitutive relations for multilayer shells
that relate the stress resultants to the conjugate strain measures.

4.1. Constitutive restriction

The equations of motion (127) can be thought of as the resultant forms of the local balance of linear
momentum

divyo + ()P 0b, = P wa- (129)

We have defined the weighted stress resultants yn®, ¢m”, ¢ in Eqs. (58)—(60). These stress resultants
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are related to each other by the resultant form of the local balance of angular momentum (i.e., the
symmetry of the Cauchy stress tensor)

00 = (Z)O'T, or (w)g[-(g)o) X (g, =0. (130)
On multiplying Eq. (130), by (,/,, integrating the result over the layer thickness ), and making use of
Eqgs. (30) and (31), we obtain

J(Z)WH((sl)ga'(sf)a) X I:(S(Z)(Pﬂ + (63 — S(A{)Z>(55)t’1:| =+ ((sg)g“-(sg)a) X (Sf)t}(f)jr d§3 =0. (131)
Substituting in Eq. (131) the definition of (n*, @m®*, ¢ in Egs. (58)—(60), we obtain the following
constrained equation

O X @, + @M X @t , + o x ot =0, (132)

called the constitutive restriction in terms of (n*, (¢ym*, (¢)€.

4.2. Balance of angular momentum in true resultant couples

The constitutive restriction (132) can be eliminated from the balance of angular momentum equation
(127), to obtain an alternative form of the balance of angular momentum equation in terms of the true
resultant couples. As noted in Remark 3.2, the weighted resultant couple m” defined in Eq. (59) is not
a true moment. We define below the true resultant couple (m* and the true assigned resultant couple
oym’*

(()m“==(g)t X (()lfl“, (()m*:z([)t X (g)ﬁl*. (133)

First, consider the reference layer (0). Using the definition of ().# in Egs. (67) and (68), we obtain from
Eq. (127), the following expression for the balance of angular momentum for layer (0)

(M + oyi”) ,—0)€ + @i" = )C. (134)
Now, by taking the cross product between the director ()¢ and Eq. (134) throughout, and by noting that
ot X @i, = (ot X om”") ,—t, x oM, (135)

we can use the constitutive restriction (132) to eliminate the terms (o) , X (" and (gt x ()¢ to obtain
the following balance of angular momentum for the reference layer (0) in terms of the true couples

oM’ + of X M, + @, X n” + om" = @it X )C. (136)
—
Similarly, using the definition of (;).# in Eqs. (73) and (74), we obtain from Eq. (127), the following
expression for the balance of angular momentum for layer (s€)
[s(coh ™ con” + coHo ) + com”] =€ + com” = 0 C- (137)

By taking the cross product of (»¢ with Eq. (137), and by using Eq. (135) together with the constitutive
restriction (132) to eliminate the terms ()t , X spm™ and ()t X (¢ to obtain the following balance of
angular momentum for the reference layer (s€) in terms of the true couples
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wom’, + seot X (coh ™ won” + o HaoW) , + 6o@, X on” + com" = @t X C, Vst € A\{0}.

(138)

Remark 4.1. The true resultant couple m* defined above in Eq. (133), is the same as the ‘“‘weighted
surface tensor”’ M, in Green and Zerna (1968, p. 375, Eq. (10.2.8),) whose definition is reproduced below

(1/2)t
M, =J (a3 x T,)05 O,
—(1/2)t

where the tensor T, was explained in Remark 3.2. The definition of m* in Simo and Fox (1989, Eq. (4.9)),
which differs from that of m* in Eq. (133), by a factor 1/j, corresponds to the quantity M,//a used in
the definition of the “‘stress couple” m in Green and Zerna (1968, p. 377, Eq. (10.2.8),) as reproduced
below

.M,
==

See Remark 3.2 for additional details and on the definitions of the resultant forces.

Remark 4.2. The balance of angular momentum equations (136) and (138) reduce exactly to those for
sandwich shells developed in Vu-Quoc et al. (1997b, Eqgs. (155)—(157)).

Remark 4.3. Meaning of the coupling (underbraced) terms. Without the underbraced terms in Eqs. (136)
and (138), which comes from the mechanical coupling among the layers, these equations have the
mathematical structure of the balance of angular momentum for each individual layer considered separately
as a single-layer shell. We note that, for the static case and for the case where gym* =0, the balance of
angular momentum for a single-layer shell is similar to Green and Zerna (1968, p. 380, Eq. (10.4.15)).
Also, note that in the static case, the balance of linear momentum (127), is similar to Green and Zerna
(1968, p. 380, Eq. (10.4.12)). We give an idea of what the coupling (underbraced) terms in Eqgs. (136) and
(138) represent physically by considering these terms under a slightly different form. Instead of the actual
coupling terms, we consider the following the terms

(o)t x M, (139)
and
seot X (o con” + o Hin ), (140)

i.e., without the derivative. The physical interpretation of Eqgs. (139) and (140) is given in Fig. 6, by
recalling the definition of MM* given in Eq. (66) for the left figure, and by considering s = +1 (i.e. upper
layer) in Eq. (140) for the right figure. In Fig. 6, % denotes the sum of the layer resultant forces ;n*
for all layers below layer (£), i.e., for i going downward from (£ —1) to (—.4"). Now regarding the
derivative in the coupling terms as existed in the balance of angular momentum equations (136) and (138),
we need to consider the equilibrium of an infinitesimal element of the multilayer shell. In our future
publications, we will present the complete derivation of the equations of motion from an equilibrium
consideration, as opposed to an approach based on the principle of virtual power (or calculus of variation)
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(see Vu-Quoc and Ebcioglu (2000d)).

4.3. Computational form of stress power and constitutive laws

We summarize here the various expressions that are directly employed in a computational setting for
multilayer geometrically-exact shells. For sandwich shells, we refer the readers to Vu-Quoc et al. (1997b)
for the derivation of these expressions, which can be easily extended to the multilayer case, as given
below.

For computation, the stress power 2, in Eq. (61) can be recast into the following form'*

P, = Z J /I:(g)flﬂa([)élﬂ + ((g)rhﬁ“([)j)%ﬂ + (@)é“@)éa] do. (141)

LeN 7

The quantities in the integrand of Eq. (141) will be defined and explained below: first the force
quantities, followed by the conjugate strain measures.
The effective resultant membrane stress (;7"* is defined as follows

o= + 20" = o — o i, (142)

where (n*f and (" are the components of the weighted resultant force n* and the weighted
resultant couple (ym' (defined in Eqgs. (58) and (59)), respectively, along the basis vector (¢ P (see Eqgs.

(32)—(34)):

{0815 04> 083} ={0® > P @t} Ve (143)
on” = o’ way + 0 d0a;, (144)
o = i a, + i ey, (145)

The quantity (g)i_“u in Eq. (142) is the component of the vector ot, along the basis vector 0?,

O, = O30, + 0085 (146)
The effective transverse shear force (,,¢” is then defined as'’

O =01 — O 0m', (147)
where (,,¢*, (™, and (@))L_S# come from Eqs. (144)—(146), respectively.

Remark 4.4. We note the following symmetry conditions for the membrane force (g)ﬁ“ﬁ and bending moment

o™

4 The derivation of Eq. (141) includes the elimination of the unitary constraints of the directors, i.e., llytll = 1. See Vu-Quoc et
al. (1997b, p. 2543, Eq. (161)).

!5 There are some misprints in Eq. (174), p. 2544, in Vu-Quoc et al. (1997b): The order of the superscripts (uo) in ©m"* should be
as shown in Eq. (147), because of our definition of the moments, and not )™



L. Vu-Quoc, 1.K. Ebcioglu | International Journal of Solids and Structures 37 (2000) 6705-6737 6733

o = i”, (148)

o’ = i, (149)

While the symmetry of the membrane force in Eq. (148) can be proven (see Vu-Quoc et al. (1997b, Eq.
(170)), the symmetry of the bending moment in Eq. (149) is an assumption, following Simo and Fox
(1989).

Now, we define the conjugate strain measures. Let the initial value of {()a;} be written as {»A,}, i.e.,

{(Z)Ala ©A25 A3 }’={(l)al, )@ (083 }li=0, VEEN. (150)
The membrane strain (¢, and the bending strain OP conjugated with the membrane force (@)ﬁ/}“ and
the bending moment (,m"", respectively, can now be defined as follows:
Membrane strain (y¢,
1
O =75 (%5 — © ) (151)
O = 08 A=A A (152)
Bending strain (,p, 5
OPyp = OKyp = K5 (153)
OF =08 0% 5 OKp=0A, 045 (154)
Shear strain (¢)0,:
(Z)(Scx =V — (K)Foc’ (155)
0 = 0% 04 o, = 0A, A5 (156)

Po

Finally, the linear constitutive laws related the effective resultant forces (i, i, 0q"> to their

respective conjugate strain measures ©€qp> (O (00, are given below:

of’
_, - kol 75
i =<e>I,W<Z>Hﬁ“ "6 (157)
~af I (Z)E((f)H)S Hﬁw'é 158
O = ORI @ P (1%

07" = @, K 0GoHoA 1o, (159)
where (e)j_f is defined in Eq. (62), and

oH=ph™ +ph™,  (AT=pA" A’ (160)
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are, respectively, the total thickness of layer (¢) and the dual metric tensor of layer (¢) in the reference
configuration; (E, )G, (Vv are, respectively, the Young’s modulus, shear modulus, and Poisson’s ratio
for layer (€); k is the shear correction coefficient.'® The elastic constant @ H P4 given as follows

OH" = v A" A7 + (1= o) ((z)A’“(e)A“’ + (e)A’“(z)A”> (161)
is a fourth-order elasticity tensor.
4.4. Reduction to multilayer beam

We now proceed to unify the present formulation for multilayer shells with that for multilayer (plane)
beams developed in Vu-Quoc and Ebcioglu (1996). Specifically, we will show that the equations of
motion in Vu-Quoc and Ebcioglu (1996, Eq. (3.57)) can be deduced from Eq. (127).

To obtain the balance of linear momentum Vu-Quoc and Ebcioglu (1996, Eq. (3.57),), we make the
following transformation of notation from shells to beams'’

2
on* =, o8 (10— ¥ en®  Of— o (162)

Then, with &' and @n' ignored, Eq. (127); reduces to Vu-Quoc and Ebcioglu (1996, Eq. (3.57);) by
noting that the following relations (63),, (89), (86);, (82) and (83) for shells in Section 3 reduce exactly
to the corresponding relations (3.19), (3.44), (3.40);, (3.36) and (3.37) for beams in Vu-Quoc and
Ebcioglu (1996), respectively.

Next, we consider first the static part of the balance of angular momentum. The following additional
transformation of notation is used

O = (M, (€3 = (M, (oM, €=, (163)
M>—M, Nees =M, (164)
(g)m*~e3—>(@)9ﬁ. (165)

Note that the definition of 9M? in Eq. (66) is exactly the same as Vu-Quoc and Ebcioglu (1996, Eq.
(3.23)). For layer (£) in a multilayer beam, we have (Vu-Quoc and Ebcioglu, 1996, Eq. (3.7),)

(é)tz, s= _(f)e,s(l)tlv (166)

and that {t,, (ot,, e3} form a set of orthonormal vectors.

We consider first layer (0). From the first term in Eq. (136), and using Eq. (163)3, we obtain the first
term (ym ¢ in the integrand in Vu-Quoc and Ebcioglu (1996), Eq. (3.24). From the last term on the left-
hand side of Eq. (136), and using Eq. (165), we obtain the assigned couple 9t in Vu-Quoc and
Ebcioglu (1996, Eq. (3.57),). Now, we examine the second and third terms of Eq. (136), which can be
written in beam notation, with él and M' ignored, as follows

0 X Ms+ @) X @ = (0t X M) +0)0 s0f; X M+ 0Py X @), (167)

16 When k = 5/6, the relation (159) is the same as that given in Naghdi (1972, p. 587).
17 The reader is referred to Vu-Quoc and Ebcioglu (1996) for the multilayer beam notation.
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after an integration by parts and the use of Eq. (166). Projecting the vector relation (167) along the e;3
direction, and noting that

((O)tz X )’S~e3 = ((0)t2 X i’ﬁ-%)ﬁsz (03 X (O)tzﬂn)’sz —((O)tl&n)’s, (168)

00 st X Mees = )0 ge3 X @t} M = )0 501, M, (169)

we can rewrite Eq. (167) as follows
—[om x Py €3 = (Meo)t)) s+ (M0)t)0)0 5 (170)

which is exactly the last three term in the integrand in Vu-Quoc and Ebcioglu (1996, Eq. (3.24)). With
the above, we have reduce the static part of the balance of angular momentum in layer (0) from shells
to beams. Now, we consider the inertia term, i.e., the right-hand side of Eq. (136); recalling Eq. (162)s,
and projecting this term on e;, we obtain

(0t X ©C)€ = e X )ty C = —0)C - )t =0)C> (171)

where )C is given in Eq. (95), and ()C is the inertia for beams in Vu-Quoc and Ebcioglu (1996, Eq.
(3.53)). We have thus reduced the balance of angular momentum for layer (0) for shells to that for
beams.

Now for layer (£), as done above, it is easy to see how to obtain the first term (m g in the integrand
in Vu-Quoc and Ebcioglu (1996, Eq. (3.29)), and the assigned couple ¥t in Vu-Quoc and Ebcioglu
(1996, Eq. (3.57),). Next, similar to what we did in Eq. (167), using the conversion to beam notation in
Eq. (162), we rewrite the second and the third term in Eq. (138), after an integration by parts on the
third term and a rearrangement of the terms, as follows

60 Pos X M = Sty s % (s0h " com + o HisnR) + s[eoty X (coh " com+ 6o HenN) ] 5 (172)

The deformation map ()@, of beam layer (s¢) is related to the deformation map ()@, of beam layer (0)
via Eqgs. (18) and (19), after using the conversion (162), by

0 Po=61e- Py + S60h " (0t (173)
——
s(e=1)
=P =0 Py + 5| —h ot + Y oHat | (174)
i=0

which are identical to Vu-Quoc and Ebcioglu (1996, Egs. (2.6) and (2.7)). Substituting Eqs. (173) and
(174) into Eq. (172), noticing that the term underbraced in Eq. (172) is cancelled as a result of the
underbraced term in Eq. (173), and using Eq. (166), we obtain

s(e—1)

0©Po5 X on +50h 00 50t X 0 —s Z 0 @0 st X son
i=0

56 Hso0 g6ty X oM+ s[eoty X (woh " won + o HaoR)] ¢ (175)
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Next, we project Eq. (175) on ez, noting that ez is independent of the coordinate S and using a similar
manipulation as in Egs. (168) and (169), to obtain

—[eom X 0Py s]-e3 + 502" )0 (o 0)

s(e—1)

=5 Y oHob s(comoty) + seoHan s(co Recot,)
i=0

_S[((Sl)h “on+ (xz)H(se)m)'(sz)tl ],S, (176)

which is the same as the remaining terms (after the first term ()m ¢ mentioned above) in Vu-Quoc and
Ebcioglu (1996, Eq. (3.29)) (even though not presented in the same order). Now come the inertia term
on the right-hand side of Eq. (138); the same method used to obtain Eq. (171) can be used here, i.e.,

((g)l‘2 X (@)C)~e3 =e3 X (Z)tz-(,z)C =—C- (e)t1==(g)c, Ve € A\{0}, (177)

where (C is given in Egs. (96) and (97), and (,C is the inertia for beams in Vu-Quoc and Ebcioglu
(1996, Eqgs. (3.54) and (3.55)).

5. Closure

Employing the principle of virtual power, we derived the equations of motion of geometrically-exact
multilayer shells, whose dynamics is referred to a fixed inertial frame, thus rendering the inertia operator
much simpler than that obtained in other types of formulation for multibody dynamics. The present
formulation can be employed for the analysis of multilayer shells undergoing large deformation and
large overall motion. The continuity of the displacement across the layer boundaries is exactly enforced.
Shear deformation is accommodated independently in each layer. The thickness and the side dimensions
of each layer are arbitrary, thus allowing for the modeling of an important class of multilayer structures
with ply drop-offs. The number of layers is completely unrestricted. An important features of the
present formulation is that the reference layer can be chosen arbitrarily among the layers. We also
showed that the equations of motion for geometrically-exact multilayer shells reduce exactly to those for
geometrically-exact multilayer beams and 1D plates. The balance of power presented in this paper forms
the basic weak form that is employed in the finite element formulation for the computation of
multilayer shells (see, e.g., Vu-Quoc et al., 2000b,c).
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